At passage of an ultra-high-energy particle through a bent crystal coherent bremsstrahlung is emitted but with characteristic frequencies distributed continuously, in accord with the crystal bend profile. At suitable crystal thickness, such radiation can be calculated by the stationary phase approximation technique. The dipole radiation spectrum averaged over the impact parameters is evaluated. Estimates of non-dipole and multiple scattering effects on radiation are given.
Introduction
Radiation at over-barrier motion of electrons and positrons in bent crystals has recently been experimentally investigated [1, 2] , with the objective to find radiation specific for volume reflection [3] . But the spectra observed appear to be somewhat less featured than predicted by the theory [4] . Almost everywhere they are monotonously decreasing with ω, except for a region at small ω, where there is a signature of a dip [2] . The difference between the measured spectra from positrons and electrons is of the order of experimental errors.
In this regard, it seems timely to emphasize that the highfrequency part of the radiation spectrum (and at certain conditions almost the entire spectrum) at over-barrier passage through a bent crystal allows for a simplified treatment. In fact, in a crystal bent to an angle much greater than critical, most of its time the particle spends traveling at angles to active crystal planes much greater then critical, i. e., flying high above the potential barrier. Under those conditions its motion can be regarded as infinitesimally perturbed, and the frequency of the emitted radiation is proportional to the local frequency of crossing the atomic planes, as in ordinary coherent bremsstrahlung. So, we basically encounter there the familiar coherent bremsstrahlung [5] , but with the characteristic frequency continuously distributed over spectrum [6] . It is natural to refer to such a radiation as to coherent bremsstrahlung in a bent crystal (CBBC). It is worth stressing that CBBC must be present regardless of whether the conditions of volume reflection hold in the middle of the crystal, i. e., at any ratio of the crystal bending radius to the critical value at the given energy.
The purpose of this letter is to accomplish the theory of CBBC, derive the shape of the spectrum, and establish the conditions of observability against the incoherent radiation background. To keep the treatment simple and illustrative, however, we will restrict ourselves here to the case of inter-planar continuous potential of (nearly) parabolic shape. This is close to one of the common experimental arrangements of silicon crystal oriented by its (110) plane along the charged particle beam direction. Yet, it appears instructive to deal with an arbitrary shape of the bending profile, keeping in mind that non-uniform bending shapes may also be useful -e. g., sine-shaped crystals (see [7] ). In parallel, we will investigate the conditions for rectilinear passage, and evaluate the deflection angle as a function of the impact parameter in this perturbative regime.
Continuous potential of weakly bent oriented (110) Si crystal

Small-angle bending in Cartesian coordinates
We consider a crystal oriented by one of its strong crystallographic planes approximately along the high-energy charged particle (electron or positron) beam, and bent to a small angle, so that the continuous potential approximation keeps valid. Suppose, the crystal is cut so that some family of its strong planes, as well as the beam direction, are approximately orthogonal to the crystal faces. Then, we fix the coordinate frame with axis z orthogonal to the crystal faces, the face positions being z ≈ −L/2 and z ≈ L/2, and axis x being orthogonal to z in the plane of crystal bending (see Fig. 1 ) 1 . At ultra-relativistic motion, the particle longitudinal coordinate is nearly equal to the time: z ≈ t, in units where speed of light c = 1.
If the crystal has constant curvature, its inter-planar potential, and the motion in it, often can be described in radial coordinates [9, 10] . But for a crystal bent to small angle (as is usually the case at practice), it is more convenient to use Cartesian coordinates, in which the bending is described by transverse displacement of each crystalline plane. At that, the equation defining each plane assumes the form
with different constants C pl (equal-spaced with the inter-planar distance d), but with the same function ξ(z). Then, if continuous inter-planar potential in the bent crystal was V straight (x) (a periodic function with the period d), which corresponds to the force F straight (x) = − ∂V straight ∂x , after the bending of this crystal the force will equal
(still, it can be regarded as directed along x).
For crystals of constant curvature 2 ,
with R = const the plane bending radius 3 ; however, there are also suggestions to use, e. g., sine-shaped crystals. In what follows, we will rely on the stationary phase approximation, in which the crystal curvature is treated locally, and we will encounter the local bending radius
Nearly parabolic continuous potential and the corresponding force.
In the perturbative treatment of the particle passage dynamics, it is advantageous to express the potential in form of Fourier series. One reason for that is direct relation of (squares of) series coefficients to X-ray scattering data [11] . Secondly, trigonometric functions are operationally convenient since they are related to exponentials, which offer possibilities for factorization etc.
For evaluation of the particle trajectory and the emitted radiation, of direct relevance is the acting force. To define the force in a straight crystal, it is convenient to choose the origin of x-plane in the middle of some inter-plane interval. Then, the potential is an even function of x, whereas the force is odd, so Fourier decomposition of the latter involves sine functions only:
For a parabolic potential, yielding a linear-sawtooth force, amplitudes F n behave simply as (−1) n /n, and the force reads
where F max 0 is the maximum force value at zero temperature.
To take into account thermal smearing and force continuity in points of crystalline plane location, it is convenient, heuristically, to increase the power of n in the denominator of the trigonometric series:
At room temperature, for silicon (110), crudely, ǫ ≈ 0.4 4 . Summation of series (3) with constant ǫ actually yields Hurwitz (generalized Riemann) ζ-functions. Those functions are not elementary, but their Fourier decomposition is. Furthermore, we will see that ζ-related functions often appear even with a purely parabolic potential (ǫ = 0). In this sense, modification (3) can be considered natural.
The important example of a crystal with nearly parabolic inter-planar potential is silicon with (110) plane orientation to the fast particle motion direction. Such crystals are often used in experiments with bent crystals. The physical parameters for this case, as quoted in [9] , are
At numerical estimates, we will be using the latter value for F max 0 .
Deflection angle in first order of perturbation theory
In this section we shall only analyze the elastic scattering of particles by the continuous potential. To account for expectable beam-crystal orientational dependence, consider a beam of particles with energy E impact on the crystal at an arbitrary angle θ 0 to the z-axis (see Fig. 1 ). The beam width is always greater then the inter-planar interval, so there is practically uniform distribution of particles in transverse impact parameters. Defining impact parameter b of an individual particle as the intercept of the trajectory initial asymptote on x-axis, i. e. at z = 0 (see Fig. 1 ), the force can be written as
with Θ(v) -the unit step function (zero for negative arguments and unity for positive ones). Since (5) is a periodic function of the impact parameter, it suffices to investigate it in a unit interval of the variable
First of all, let us evaluate the deflection angle. Asymptotically, to leading order in the inverse energy 1/E, it equals to the integral of force (5) along the unpertubed straight path 5 :
where
is Tsyganov's critical radius [13] . If the crystal bending is macroscoric, in the sense that displacement ξ of the planes is (generally) ≫ d, the integrand is rapidly oscillatory. For evaluation of the integral, one may thus employ the stationary phase approximation [12] . This requires, in the first place, finding stationary phase points t s , at which t s (θ 0 ) :
i. e., the points of tangency of a ray with slope θ 0 to bent crystalline planes (see Fig. 1 ). For a convex function ξ such a point is unique -and for simplicity, we will assume this to be the case, designating it as t 0 . Then, expanding function ξ(t) in Taylor series about t 0 , up to quadratic terms, one brings (6) to the form
n−1 n 1+ǫ 5 Thereby, it can also be regarded as first Born approximation in coupling with the crystalline field.
If point t 0 belongs to the interval − L 2 < t 0 < L 2 , the integral converges in a small vicinity of this point, so the integration limits can be safely extended to infinity, and the integral evaluated by the known formula
with sgn denoting the sign function (sgnA = −1 if A < 0, and sgnA = +1 if A > 0). If, on the contrary, t 0 falls beyond the integration interval, the integrand is everywhere rapidly oscillatory, and the result is small (yet there are contributions from the end-points, which are inferior to those from stationary phase points, and will be neglected therein for simplicity). With this accuracy,
where we have used our previous definition (1) for the local bending radius. As for dependences t 0 (θ 0 ), f (t 0 (θ 0 )), for a crystal of constant curvature (1) they simply express through the only available parameter -the plane bending radius:
The sum in right-hand side of (8) can be expressed in terms of Hurwitz ζ-functions:
where ζ(α, v) is the Hurwitz zeta-function [14] , and braces {. . .} in its second argument indicate taking the fractional part (thus ranging from 0 to 1). Function (9) (shown in Fig. 3) is not very sensitive to ǫ, except around fracture positions. The latter ones are located at
In those points, function (9) (and (8)) is maximal and achieves the value
where ζ(α) is the Riemann zeta-function. Basically, we see that the magnitude of deflection angles is determined by the curvature radius in the point of tangency to the planes. The noticeable asymmetry of function (9) in the impact parameter variable owes to the phase shift π 4 , arising within the stationary phase approximation. However, mean value of the deflection angle for different b/d is strictly zero, as an average of sum of sine functions over their full period. The physical reason behind that is the uniform distribution of particle flow over the crystal, and equal influence of positive and negative forces on the beam as a whole. So, in the considered first order of perturbation theory there is no volume reflection of the beam as a whole. Non-zero, however, is the angular spread acquired by the beam, whose measure is the deflection angle mean square:
Conditions of applicability
Transverse displacement vs. inter-planar distance
To control the consistency of the straight passage approximation, one must evaluate the transverse displacement of the particle as a function of the distance to a stationary phase point. 
Changing the order of integrations and integrating by parts, thereupon expanding ξ(t ′′ ) in Taylor series about point t 0 and extending the integration limit −L/2 → −∞, one gets
Here, the integral is of generalized Fresnel type. Function (12) is shown in Fig. 4 . Its limiting value at t = t 0
From Eqs. (12-13) one can draw certain conclusions concerning the approximation applicability conditions. Firstly, as is seen from Eq. (12), the width of the convergence area
For the stationary phase approximation applicability, this area must be small compared to the crystal half-thickness, i. e.,
Secondly, to rely upon the straight passage approximation for evaluation of the deflection angle at any impact parameter, one needs fulfilment of the condition 2△x(t 0 ) ≪ d/2 (because after passage of t 0 the particle undergoes displacement of the same size). With Eq. (13), this is equivalent to a condition R ≪ R c , (for perturb. defl. angle)
being quite natural since at R ≥ R c planar channeling in the bent crystal already becomes possible, as well as volume reflection.
Local deflection angle
Next, let us estimate the local angle of deflection from the straight path, θ(t − t 0 ), needed for the subsequent consideration of the radiation emission. In the same stationary phase approximation,
This is the ordinary Fresnel integral, it converges in the same interval (14) , and its asymptotic form at t 0 − t ≫ √ 2Rd is
For validity in weakly bent crystals of the dipole approximation in radiation, we will need smallness of the product γθ(t 0 − t) at t 0 − t L. Substituting in Eq. (17) |t − t 0 | ∼ L/4, and replacing the sum by the typical value 1/ √ 2, we get
where for silicon (110), with the use of parameters (4),
Thereat, condition (16) is not required for evaluation of the radiation angle-integral spectral intensity at typical (not too small) frequencies.
Influence of multiple scattering
The angle of deflection in the continuous potential field competes not only with the radiation angle, but also with the angle of multiple scattering. The latter has square root dependence on the thickness traversed; for electrons and positrons in silicon [16] ,
For multiple scattering not to affect significantly the particle deflection in the target, θ mult (L) must be less then the angle given by Eq. (8):
As for the local deflection angles (17), relevant for radiation, if they are less than the angle of multiple scattering in the entire target, then multiple scattering certainly modifies the radiation angular distribution. However, for absence of the multiple scattering influence on the radiation spectrum (angle-integral), they should be compared with multiple scattering angle only on length (14) , on which the radiation Fourier-integral will converge:
For the crystal plane bending angle this implies
Given slow dependence on R, conditions (22) and (18) are consistent if factor 0.13mm/ √ 2Rd is large, i. e.,
In experiments [1, 2, 8] , R values vary from decimeters to 10 meters, making factor 0.13mm √ Rd range only from 5 to 1.7. Therefore, it is reasonable not to demand inequality (18) as strong, and the optimal value for the crystal plane bending angle is
For this value, non-dipole and multiple scattering effects on radiation must be noticeable, although not crucial:
With those cautions, in the following section we will investigate coherent bremsstrahlung in a bent crystal in the dipole approximation, and with the neglect of the multiple scattering, since it offers beneficially simple theoretical description.
Dipole radiation
Having settled the description of the particle passage, we are in a position to calculate the emitted radiation. As usual for bremsstrahlung from relativistic particles, the radiation is near-forward. Let ω stand for the photon frequency. Assuming application to thin crystals, in which angles of plane crossing are everywhere less then 1 mrad, which correspond to planecrossing frequencies not exceeding 10 −3 /d ∼ 10 eV/ , and assuming Lorentz-factors γ = E/m < 10 5 , it will be sufficient to confine ourselves to the approximation ω ≪ E, i. e., to classical electrodynamics. Thereat, and within the dipole approximation, the spectrum of radiation integrated over emission angles, and averaged over the impact parameters of particles in the beam, expresses by a well-know equation [15] :
Here, q is the frequency of the force acting on the particle, and (28) is the force Fourier transformation. With F(t) given by Eq. (5), its Fourier transform is conveniently evaluated by decomposing the sine function in a pair of exponentials:
First of all, it is straightforward to average the square of (29) over the impact parameters:
Evaluation of each of the oscillatory integrals in (30), again, can be done by the stationary phase approximation. The equations for stationary phase points now are
being graphically displayed in Fig. 5 . Eq. (31) is similar to the ordinary coherent bremsstrahlung condition, in which the radiation frequency is proportional to the crystalline plane crossing frequency, which in turn is proportional to the plane crossing angle. If one carries in (31) θ 0 to the left hand side, ξ ′ − θ 0 plays the role of an angle between the beam and the crystalline planes in the stationary phase point. The approximate integration then gives
It is important that Eq. (30) has the form of a sum of squared contributions from two stationary phase points corresponding to radiation at equal frequencies. So, after the integration over the impact parameters, radiation from the mutually conjugate stationary phase points, t n+ and t n− , does not interfere. Substitution of (32) to (27) leads to the result for the radiation spectrum of coherent bremsstrahlung in a bent crystal:
By virtue of the power factor 1 n 3+2ǫ , this sum is strongly dominated by term n = 1.
For a crystal of constant curvature, one may carry constant R out of the integral and accomplish the integration. Introducing appropriate frequency parameters
and the function
the expression for the radiation spectrum converts to The behavior of the spectrum for different incidence angles is illustrated in Fig. 6 . Its characteristic feature is the presence of fractures (or of the spectrum end-point) at photon energies ω + and |ω − | proportional to frequencies of crystalline plane crossing at the edges of the crystal. Note that when |θ 0 | is only slightly less than L 2R , then at small ω the spectrum develops fairly sharp peak, although superimposed on the background of the same height. That condition corresponds to trajectory near tangency to the planes at the edge of the crystal, and although this feature may find experimental applications, one should mind that the stationary phase approximation, as well as the dipole approximation itself, are in substantial error there. On the other hand, when |θ 0 | ≫ L 2R , the crystal curvature effect weakens, and the spectrum tends to that of coherent bremsstrahlung in a straight crystal.
Comparison with incoherent bremsstrahlung
In what follows, we will assume |θ 0 | to be well below L 2R . Since the spectrum is monotonous, for estimation of radiation intensity it suffices to evaluate the height of the maximum, which for |θ 0 | < L 2R is achieved at ω = 0:
with θ 2 given by Eq. (11) . That is the usual relation between the soft radiation intensity and the scattering angle [15] . Characteristically, the magnitude of
does not depend on the crystal thickness, and even if one sends L → ∞, the spectral intensity remains finite. But the spectrum extent is proportional to L 2R + |θ 0 |. Quantity (35) is to be compared with the incoherent radiation, which for ω ≪ E serves as a constant background. For a sufficiently heated crystal, as an estimate of the incoherent radiation component one may take the radiation in amorphous target made of the same material:
For silicon, the radiation length L 0 = 9.36 cm [16] , and ratio
Thus, one may view the ratio of (35) to (36) as
Single silicon crystals of thickness L < 1mm are typically used in experiments on volume reflection 6 , and there are even samples as thin as 43µm [8] , so the last factor in (38) can be made substantially larger than unity. As for the factor γ 2 θ 2 , it is determined solely by the plane curvature radius
and for typical R is large, too. One should recall thereat that largeness of (39) does not yet mean thorough failure of the dipole approximation, since at typical (not too small) ω the radiation spectral intensity is determined by local deflection angles, which (in contrast to the total deflection angle) are smaller than radiation angles γ −1 (see Eq. (25)).
Summary and discussion
The present work has shown that ultra-high-energy electron/positron passage and radiation in a bent crystal, sufficiently thin for multiple scattering to be negligible, but thick enough to meet the inequality L 2 ≫ 8Rd, is well described by the stationary phase approximation. Under its conditions, the particle deflection angle (Eq. (8)), as well as the radiation spectral intensity (Eqs. (33-34) ), are, basically, determined by the bending radius of active crystallographic planes, and not the crystal thickness. However, the thickness determines the spectrum extent, and thereby, the total energy emitted. Yet we had shown that the stationary phase method naturally introduces a specific phase shift π 4 , responsible for asymmetry of the deflection angle as a function of the impact parameter.
Admittedly, the theoretical description adopted in this letter did not incorporate non-dipole and multiple scattering effects, although estimates of them were presented. According to the estimates, contributions from those effects can be made minor, although noticeable, provided L ∼ 1mm, and R is of the order of a few meters, which are rather usual parameters for experiments on volume reflection. For future, account of non-dipole effects can still be made based on the same stationary phase approximation, although then it requires handling non-linear relation between the particle coordinates and the radiation angle. As for the multiple scattering effects, they will require a principally more general, kinetic description.
Experimental signatures of coherent bremsstrahlung in bent crystals (on the level of spectral intensity of unpolarized radiation integral over emission angles) are the spectrum fractures and presence of a well-defined spectrum end, at photon energies determined by the bent crystal geometry and orientation. The orientational dependence of the spectrum must be easily detectable, provided the initial beam is sufficiently well collimated. Conditions (15, (23) (24) (25) (26) are actually met in experiments [1, 2] , and hence CBBC must be manifest in their measurements. The measured spectra, basically, have triangle-like shape, resembling that of the solid curve in Fig. 6 , but sharp end of the spectrum is not apparent in the data. This can be due to multiple scattering effects, and the substantial beam divergence compared to half of the crystal bending angle, L/2R. The decisive test must be the study of the orientational dependence.
